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Fig. 1. By formulating hybrid manufacturing (HM) process planning as an optimization problem over continuous fields, our method reduces the estimated
fabrication time by 68.3% on the GE-Bracket model and controls distortion in intermediate structures, as indicated by the displacements and the histograms
obtained from finite element analysis. Owing to the continuous field representation, our method gives much smaller geometric approximation errors (see
the color map in the left) and preserves small geometric features (see the zoom-views) while maintaining a computation time comparable to that of the
voxel-based method [Chen et al. 2025a] in low-resolution. The frequency spectra of local tool-motion velocities further demonstrate the improved continuity
of the operations generated by our approach. Moreover, the proposed formulation naturally extends to advanced HM platforms with 3-axis additive and 5-axis

subtractive-manufacturing capabilities.

This paper presents a field-based optimization method for process planning
in hybrid manufacturing, where the goal is to determine a feasible and effi-
cient sequence of additive and subtractive operations for fabricating a target
shape. Existing approaches rely on deterministic or discretized formulations,
which lead to unoptimized fabrication time and make planning sensitive
to voxel resolution. They also do not explicitly account for distortion in
intermediate structures formed during manufacturing. To address these lim-
itations, we represent manufacturing states using continuous fields, which
scale naturally to models with large dimensions and fine geometric features
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while enabling smoother fabrication sequences. Based on this representa-
tion, we formulate process planning as a numerical optimization problem
under multiple objectives, including final shape conformance, intermediate
structural strength, manufacturing time, self-supporting and collision-free.
Experimental results show that our method can generate distortion-aware
process plans on a variety of models while substantially reducing fabrication
time through up to a 72.6% reduction in the volume of extra support.

CCS Concepts: « Computing methodologies — Shape modeling; - Ap-
plied computing — Engineering,.

Additional Key Words and Phrases: Field Optimization, Scalable, Distortion-
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1 Introduction

Hybrid manufacturing (HM), which flexibly switches between addi-
tive manufacturing (AM) operations (e.g., filament-deposition-based
3D printing) and subtractive manufacturing (SM) operations (e.g.,
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CNC milling), enables a broader design space for the generative de-
sign of smart structures that satisfy a variety of objectives, such as
mechanical stiffness [Sigmund 2001], energy absorption [Snapp et al.
2024], cell proliferation [Wang et al. 2025], and sport biomechanics
[Han et al. 2024]. In particular, HM makes it possible to fabricate
models with highly complex geometries without compromising
manufacturing constraints, a capability that cannot be achieved by
AM alone - due to the need for additional support structures [Du-
mas et al. 2014] or by SM alone — due to the limit of tool accessibility
[Mahdavi-Amiri et al. 2020; Zhong et al. 2025a]. Chen et al. [2025a]
showed that any model with a connected shape can be fabricated if
an unlimited number of switches between AM and SM operations
and arbitrarily small SM tools are allowed. However, their method
is a deterministic algorithm based on voxel discretization, leaving
substantial room for improving the generated HM sequences.

1.1 Challenges

When generating operation sequences in HM process planning,
existing methods face several, if not all, of the following challenges.

e Loss of Shape-Conformance: The sequence of AM/SM
operations and the switches between them are typically
generated by deterministic algorithms, which can easily
drive the search into a ‘dead end’ and thus fail to completely
fabricate the target shape. Moreover, voxel-based methods
such as [Chen et al. 2025a] may not capture small geometric
features faithfully in their discrete representation, which
can further lead to the problem of shape fidelity.

o Poor Scalability: While most existing methods do not guar-
antee completeness, the voxel-based method of [Chen et al.
2025a] theoretically proves it. However, its voxel-based na-
ture leads to poor scalability; see the computing time com-
parison in Fig. 1 as the model size increases. When the model
size increases while the voxel width is kept fixed, the compu-
tation time of the voxel-based method grows to more than
x3.93 that of our method.!

e Lack of Optimization: For a given target shape, there
may exist many feasible AM/SM routines for fabrication.
However, determining a routine that optimizes total manu-
facturing time remains an open problem. For example the
GE-Bracket model shown in Fig. 1, the method of [Chen
et al. 2025a] produces a sequence whose estimated fabrica-
tion time is 139,770 seconds, while the optimized sequence
generated by our method results in a much shorter fabrica-
tion time of 44,352 seconds.

e Uncontrolled Distortion: Intermediate structures may de-
form under gravity and the cutting forces introduced during
SM operations. As shown in Fig. 1, a sequence determined
without considering these effects can lead to large distortion
in intermediate structures. This is evident from the compar-
ison of displacements computed by Finite Element Analysis
(FEA) for the intermediate structures.

e High Discontinuity: Continuity in operations is desirable,
since discontinuous toolpaths and cutter poses can lead

The sampling density used in our method is kept unchanged to ensure a fair comparison
and to maintain sufficient detail for capturing small features.

to difficulties in control and degraded fabrication quality.
Discrete-representation based methods such as [Chen et al.
2025a] usually perform poorly in this regard compared with
the continuous field-based computation proposed in this
paper (see the comparison of the frequency spectra of local
motion velocities for different approaches shown in Fig. 1).

All these challenges will be effectively addressed by the field-based
optimization method introduced in this paper.

1.2 Our Method

We parameterize the HM process-planning problem using three
groups of fields, each defined implicitly over a position x € R®
within the computational domain Q, to encode the information
required by different aspects of the planning process. Specifically,
these fields are defined for:

(1) Manufacturing Sequence, represented by two scalar fields
tam(x) € [0,1] and tsm(x) € [0,1], which indicate the
relative time of the AM and SM operations at a query point
X, respectively;

(2) Operation Occupancy, represented by two scalar fields
pam(x) € [0,1] and psm(x) € [0, 1], which indicate the
probability of conducting an AM or SM operation at point
x, regardless of when the operation is executed;

(3) Cutting Configuration, represented by two vector fields
vi(x) € S? and vy (x) € S?, where vy(x) defines the tool
orientation in the world coordinate system, and vy (x) speci-
fies the relative position of the contact point on the spherical
surface of a ball-end cutter.

These fields are encoded by five neural networks (NNs), while struc-
tural relationships among them (e.g., tam(x) < tsm(x)) are enforced
within the formulation. Manufacturing objectives and constraints
are formulated as corresponding loss terms. The coefficients of NNs
are then determined through a self-learning computational pipeline
using backpropagation.

The technical contributions of this work are summarized as fol-
lows:

e We introduce a continuous field-based representation for
process planning in hybrid additive-subtractive manufactur-
ing, which scales to models with large dimensions and fine
geometric features, while also enabling smoother manufac-
turing sequences.

e We propose an optimization-based formulation for com-
puting manufacturing sequences under multiple objectives,
including shape conformance, fabrication time, intermediate
structural strength, self-supporting and collision-free.

o We develop a strategy to explicitly account for the mechani-
cal strength of intermediate structures formed during manu-
facturing, allowing the generated plans to effectively reduce
structural distortion caused by machining forces and gravity,
while also avoiding the formation of ‘floating’ regions.

To the best of our knowledge, this is the first field-optimization
based HM process planning approach that jointly reduces the total
fabrication time and the distortion in intermediate structures. The
source code of our implementation in Python can be accessed at:
https://github.com/Yongxue-Chen/hybManuFieldOpt.
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2 Related Work
2.1 Process Planning for Hybrid Manufacturing

Existing HM process planning methods can be broadly classified into
surface-quality-driven and structure-driven approaches. Early HM
studies mainly followed surface-quality-driven strategies, where
AM is used to produce a near-net shape and SM is subsequently
applied to improve dimensional accuracy and surface quality [Flynn
et al. 2016]. Many existing methods rely on manufacturing features
to plan operations [He et al. 2023; Zheng et al. 2020], which works
well for regular geometries but is less reliable for freeform models
(e.g., those generated by topology optimization [Aage et al. 2017]) be-
cause of the challenging feature recognition [Hu et al. 2014; Zhang
et al. 2024]. To avoid explicit feature extraction, decomposition-
based strategies have also been adopted. Chen et al. [2018] opti-
mized the build-up height of each AM/SM alternation to reduce
process switches, which was later extended to cover quasi-rotational
parts [Chen et al. 2020]. More recently, VASCO [Zhong et al. 2023]
introduced a volume-and-surface co-decomposition method that
jointly considers AM’s self-supporting and SM’s accessibility re-
quirements. However, these methods cannot guarantee the shape
completeness of resultant models.

Structure-driven methods aim to address the issues of shape com-
pleteness, i.e., whether complex geometry can be completely fab-
ricated by alternating AM and SM operations. AM and SM prim-
itives were introduced in [Behandish et al. 2018] for automated
HM planning and later extended to arbitrary part and tool shapes
by considering self-supporting requirements and milling accessi-
bility [Harabin and Behandish 2022]. Chen et al. [2025a] recently
proposed a voxel-based planning method for HM that theoretically
guarantees the completeness for arbitrary shapes. Besides, HM has
also been explored for remanufacturing, where the geometry of
an existing part is partially reused to form a new shape [Zhong
et al. 2025b]. Nevertheless, existing approaches do not explicitly
optimize fabrication efficiency. Voxel-based methods are also less
scalable, becoming time-consuming when high resolutions are used
for large models or fine geometric details. In addition, distortions in
intermediate structures are not considered in existing HM planning
methods.

2.2 Manufacturability-Aware Computational Design

Computational design has been explored to support 3D model cre-
ation [Schulz et al. 2014]. Among computational design methods,
topology optimization (TO) has been widely used to generate light-
weight, high-performance structures [Sigmund 2001; Zhu et al. 2017].
However, the optimized geometries often contain features that are
difficult to fabricate using AM alone — such as large overhangs, or
SM alone - such as deep inaccessible cavities. To address this issue,
manufacturing constraints have been incorporated into topology op-
timization, including self-supporting constraints for AM [Langelaar
2016; Wang et al. 2023] and accessibility constraints for SM [Lan-
gelaar 2019; Lee et al. 2022]. Topology optimization has also been
extended to HM settings [Liu and To 2017], including formulations
that consider removable supports and tool accessibility [Mirzen-
dehdel et al. 2022; Xu et al. 2024]. While these methods improve
manufacturability by constraining the design space, they may also

exclude structures with higher performance. In contrast, HM plan
with the guarantee of shape completeness can fabricate structures
with arbitrary connected shapes, allowing manufacturability re-
quirements to be relaxed during design.

Beyond static constraints of manufacturability, the influence of
self-weight of intermediate structures during fabrication has been
considered in the formulation of topology optimization (e.g., [Allaire
et al. 2017; Lan and Panetta 2022; Wang et al. 2020; Yang et al. 2025]).
Inspired by these works, our formulation explicitly minimizes the
distortion of intermediate structures at different timestamps during
hybrid manufacturing, which significantly enhances the robustness
of physical fabrication. In addition to ensuring the feasibility of fab-
ricating the target shape, our method optimizes the HM process to
reduce total fabrication time while considering other manufacturing
constraints.

2.3 Neural Fields for Design and Manufacturing

In recent years, continuous fields have been increasingly employed
in manufacturing process planning, as they provide compact and
differentiable representations for encoding fabrication-related infor-
mation, such as layer order, deposition direction, tool orientation,
and material distribution. Scalar fields have been used in multi-axis
AM to generate curved layers for support-free volume printing [Dai
et al. 2018]. Field-based formulations have also been developed to
control curved layers’ orientations via deformation for improved sur-
face quality [Etienne et al. 2019], to control filament alignment for
anisotropic strength [Fang et al. 2020], and to jointly satisfy multiple
manufacturing objectives [Zhang et al. 2022]. Implicit neural fields
have been used to optimize curved layers for multi-axis AM [Liu
et al. 2024], benefiting from the efficient optimization and automatic
differentiation capabilities of neural-network-based computational
pipelines. More recently, implicit neural fields have been further
applied to collision-free multi-axis printing [Dutta et al. 2026; Qu
et al. 2025].

Beyond manufacturing process planning, neural implicit fields
have also been employed to generate optimized density fields for
structural optimization [Chandrasekhar and Suresh 2021; Doosti
et al. 2021; Han et al. 2024; Liu et al. 2026; Zehnder et al. 2021]. These
methods similarly benefit from the automatic differentiation pro-
vided by neural network training pipelines. Recent developments
have explored the co-optimization of design and manufacturing
objectives in end-to-end computational frameworks to achieve man-
ufacturable designs with better mechanical performance, such as
fiber-reinforced composites [Liu et al. 2025]. In contrast, our method
leverages the flexibility of HM to fabricate a broader range of shapes,
thereby providing a larger space for optimized structural design.

3 Representation and Framework Overview
3.1 Preliminaries

Without loss of generality, for a given target model M, the computa-
tional domain is defined as a rectangular region slightly larger than
the bounding box of M, denoted by Dy C R3 (see Fig. 2(a)). The
implicit fields used to determine operation sequences are defined
and evaluated over Dy,.
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Fig. 2. Preliminary illustration about (a) the computation domain, (b) the
self-support evaluation region I'st and the printer head’s solid region Tam,
and (c) the cutting configuration and the cutter’s solid region I'sy.

The AM operation is defined as layer-based material deposition
while allowing 3-axis motion of the printer head. Material is de-
posited at the tip of the printer head, denoted by Xy.f, as illustrated
in Fig. 2(b). In contrast, the SM operation is defined as material
removal by positioning the cutter at x,.f according to a cutting con-
figuration specified by two vectors, v, and vy (see Fig. 2(c)). Our
computational framework allows 5-axis motion for SM operations.

The sequence of AM and SM operations is represented by two
scalar fields, tan (x) and tsy (x), which indicate the order of material
processing — i.e., deposition by AM and removal by SM - at different
locations x in the computational domain D). These values can be
interpreted as virtual time: they do not represent physical time, but
rather the relative ordering of operations. Moreover, whether an
operation is actually applied is determined by two occupancy fields.
Specifically, AM is applied when pam(x) > 0.5, and SM is applied
when both pam(x) > 0.5 and psm(x) > 0.5.

Several regions of interest (Rols) are defined for AM and SM.
First, a self-support evaluation region, Ist, is defined as the conical
volume with height h below the reference point x,.f for AM. Its apex
angle « is determined by the self-supporting angle, which depends
on the material (see the left of Fig. 2(b)). Second, the Rol for collision
detection of the printer head, Ty, is defined as the solid region
of the printer head above x;.f for AM (see the right of Fig. 2(b)).
Similarly, the Rol for collision detection of the cutter, Tsyy, is defined
as the solid region of the cutter located at x;.f for SM. Note that
the pose of Isy in Euclidean space is determined by the cutting
configuration, i.e., vy and vy as explained in Fig. 2(c).

3.2 Field Representation

We next introduce the NN-based field representation for HM process
planning. To determine whether a point x lies inside the target model
M, we represent M using a signed distance field (SDF) encoded by
a neural network, denoted by Nj(x), which can be pre-trained.
Specifically, x € M if Njys(x) < 0, and x ¢ M otherwise.

3.2.1 Manufacturing Sequence Fields. To establish the global chrono-
logical order of operations, we define two continuous scalar fields,
tam(x) and tsp(x), which assign relative activation timestamps to

each point within the domain Dy and thereby determine the exe-
cution order of AM and SM operations. Specifically, these fields are
represented by two implicit neural networks, N; am(x) € [0, 1] and
Na,SM(X) € [0’ 1]’ as

tam(x) = Nypam(x), (1)

tsm(x) = tam(x) + Nesm(x) - (1 - tam(x)) . 2
Note that Ny sm(x) encodes the relative temporal offset of the SM
operation w.r.t. the AM operation, rather than directly representing
the SM timestamp itself. This design eliminates invalid regions of
the search space and inherently enforces the physical causality that
AM must precede SM at every point, i.e., tsp(X) > fam ().

In the current implementation, we define only one field for AM
and one field for SM to maintain computational efficiency, although
using multiple fields for each operation type could provide greater
optimization flexibility. Based on the theoretical analysis of HM
process planning in Sec. 3.2 of [Chen et al. 2025a], applying either
an AM operation or an AM operation followed by an SM operation
at each local region is sufficient to realize arbitrary geometries.

3.2.2  Operation Occupancy Fields. The decision to execute an op-
eration at a location x is determined by the operation-occupancy
fields pam and psy. An AM operation is performed at point x if
pam(x) > 0.5, and omitted otherwise. An SM operation is per-
formed at x if both pam(x) > 0.5 and psm(x) > 0.5. Both fields
are represented with the help of implicit NNs. Specifically, these
probability fields are computed from logit fields through the Sig-
moid function o (-), where the fields are parameterized by the neural
networks Nj am and NV sy as:

pam(x) = max (1 - o(Nu (%), o(NLam(x))) . ®)

psm(x) = min (0(Ny (%)), o(Njsm(x))) . 4
Here, the soft gate 0(N(x)) ensures that paym(x) = 1and psy(x) =
0 for all points x € M. This is essential for ensuring that the final
part remains solid and conforms strictly to the intended geometry
after the full operational sequence. In this paper, differentiable ap-
proximations of the maximum / minimum evaluations are obtained
using the integral log-sum-exp formulation and its sign-reversed
counterpart, respectively.

3.2.3 Cutter Configuration Field. The cutter configuration at a
given point x, treated as the contact point for ball-end milling,
is determined by the tool orientation and the relative position of
the sphere center with respect to the contact point (see Fig. 2(c)).
This information is parameterized by a neural network with four-
dimensional output, denoted by [, ¢, v, n] = Ncc(x). Specifically,
(B, ¢) defines the tool orientation on the Gaussian sphere within
a feasible region, where f§ € [0, finax| and ¢ € [0, 2x]. The corre-
sponding tool-orientation vector is defined as

vy = (sin fcos @, sin fsin¢, cos ff). (5)
Based on vy, we define a local orthonormal frame (by, by) centered

at the sphere center, with both b; L v and b, L vy. The ball-center
shifting vector is then defined as

Vbe = €0s(y) vy + sin(y) (cos(n)by + sin(n)bz), (6)
where y € [0, ymax] and n € [0, 27].
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Fig. 3. Illustration of the computational pipeline of our field-optimization-based HM process planning approach. The sequence of AM/SM operations for an
input model M is determined by five implicit fields: (£am (%), tsm (X), pam (X), psm (x), Ncc (x) ). The optimization of these fields is driven by minimizing
loss terms associated with shape-conformance Lgpp, support volume L., structural distortion Lsy, self-supporting constraints Ly, and AM/SM collision
avoidance, denoted by Lcam and Lcsm, respectively. After the implicit fields are determined, the AM layers and SM sequences are extracted and sorted in the

post-processing step, followed by toolpath generation.

In summary, the coefficients of five NNs, N am, Nosms Niam,
Nism, and Ncc, collectively define the design-variable vector 6.
The optimal design-variable vector is obtained by minimizing the
total loss function Lyt as will be defined in Sec. 4. That is

0" =arg min Lol (Ne.ams Nasms Nian Nisms Nee) - (7)

The HM operation sequence, consisting of AM and SM operations,
is then determined by the five NNs with coefficients 6*.

3.3 Computational Pipeline

The optimization is carried out via backpropagation, which updates
6 to minimize Lioa1. The computational pipeline of our approach is
summarized below (see also Fig. 3).

(1) Compute Nj(x) as SDF of the input model M;
(2) Initialize the five NNs: Ny am, Nasm, Nams Mism, and Nec;
(3) Apply aregular grid discretization to Dy for FEA to evaluate
the mechanical strength of intermediate structures;
(4) Randomly sample points in the computational domain Dy,
and randomly sample timestamps in the time domain;
(5) Evaluate the loss terms (Sec. 4);
(6) Compute gradients 0 Lioa1/90 via backpropagation;
(7) Update the network coefficients 6 using the gradients and
the optimizer;
(8) Repeat Steps (4)—(7) until the optimization convergences;
(9) Extract the AM and SM layers adaptively according to the
prescribed printing layer thickness and cutting depth (Sec. 5.4);
(10) Sort the extracted AM/SM layers according to their times-
tamps to determine the execution order of operations;
(11) Finally, generate toolpaths layer by layer.

After obtaining the toolpaths for AM/SM operations, they are sam-
pled into nearly uniform waypoints, and inverse kinematics [Zhang
et al. 2021] is applied to generate G-code for machine execution.

4 Optimization Formulation

The field-based optimization is driven by the loss terms defined
according to multiple objectives, including final shape conformance,
fabrication time, intermediate structural distortion, and manufac-
turability. They are formulated according to the aforementioned
fields.

4.1 Shape Conformance

To ensure that no extraneous support structure remains at the end
of manufacturing, we require every point x outside a given model
M to satisfy at least one of the following conditions:

o pam(x) — 0, indicating that no material is accumulated by
the AM operation;

e pspm(x) — 1, indicating that the deposited material is re-
moved by the SM operation.

Specifically, this can be achieved by enforcing o(N;am(x)) = 0 or

o(Nism(x)) = 1in the region outside M. We therefore minimize
the following loss term:

Lshp:/D o (Nm(x))a(Npam(x)) (1 - o (Nism(x)))dx. (8)

Here, 0(Np(x)) suppresses contributions from region inside M, so
that the loss only accounts for regions outside M, where Ny (x) > 0.

4.2 Fabrication Time

The total fabrication time can be indirectly reduced by minimizing
the total volume of regions generated by AM operations outside
M. By definition, an AM operation is performed at position x when
pam(x) > 0.5. Therefore, the volume loss associated with AM-
generated material outside M can be defined as

Lol = ‘/D o(Nu(x)) max(o (N am(x)) — 0.5,0)dx. 9)
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Note that a simplified form of panm(x) (Eq. (3)) is employed here as
0(Nu(x)) has been used to neglect the region inside M.

4.3 Distortion under Fabrication

The distortion of the intermediate structures during fabrication at
different timestamps ¢ is evaluated by applying FEA to discrete
elements defined in Djs. This analysis can also help detect phys-
ically infeasible ‘floating’ regions that are disconnected from the
build plate, as such regions manifest as intermediate structures with
extremely large displacements. In this subsection, we first define
the density distribution of an intermediate structure in terms of t.
After that, the equilibrium equation is formulated to compute the
displacements of every element due to the gravity and the cutting
forces. Lastly, the loss function of temporal distortion L, is defined.

4.3.1 Spatiotemporal Density Representation. For a query point x,
its status as either solid or void at any time ¢ is determined by the val-
ues of pam(x), tam(x), psm(x), and tsp(x). The point is considered
solid only when papm(x) > 0.5 and tap(x) < ¢ (i.e., AM operation
has been applied at x before t), together with either psy(x) < 0.5
(i.e., x is not subject to SM) or tsy(x) > ¢t (i.e., SM operation be-
ing applied after time t). Therefore, its status value s(x,t) can be
computed as

s(x,t) = o(pam(x) — 0.5)a(t — tam(x))
max(c(0.5 - psm(x)), o(tsm(x) — 1)),

where s(x) = 1 indicates solid and s(x) = 0 for void. The continuous
density function is then defined as:

p(x,t) =s(x,t). (11)

For the computation of FEA, we discretize Djs into a uniform Carte-
sian grid with isotropic cubic elements. For each element e occupy-
ing a region I, the density p.(t) is computed as

pelt) = - / plx i (12)

(10)

Ve
with V. denoting the volume of the element.

4.3.2  Forward Physical Simulation. Given the element density field
at a timestamp ¢, we establish an equilibrium equation to compute
the displacement field over all elements:

K(p)u=H», (13)

where K(p) is the system stiffness matrix and f is the vector of
external forces.

The system stiffness matrix K(p) is determined by first computing
the Young’s modulus E, of each element using the Solid Isotropic
Material with Penalization (SIMP) model [Sigmund 2001]:

E. = pPE; + ¢,

where E, is the base Young’s modulus, p = 3 is the penalization fac-
tor, and € is a small constant introduced for numerical stability. The
global stiffness matrix K is then assembled through finite element
discretization according to the spatial distribution of E,.

During AM operations, the external force vector is defined solely
by gravity, i.e.,

f= fgrav (P)

During an SM operation at the reference point Xyef, an additional
cutting force f. is applied in the direction opposite to Vi as four =
—feVbe, Where f: is a material- and machine-dependent coefficient
obtained through physical calibration. The total external force vector
for an SM operation is therefore

f= fgrav(P) + fcut~

Without boundary conditions, Eq. (13) is singular and cannot be
solved. To make the system well-posed, we impose zero displace-
ment on all the elements attached to the build plate. We solve Eq. (13)
by the conjugate gradient method to determine the element displace-
ments u,, which are used to evaluate the structural-distortion loss
introduced below.

Structural stability analysis is generally unnecessary for a stan-
dard planar-layer AM process. In our formulation, however, whether
an AM or SM operation is performed at a given time ¢t is jointly
determined by the AM/SM sequence and the occupancy fields. Con-
sequently, restricting stability analysis to SM operations is nontrivial
in practice. Furthermore, in certain extreme geometries, such as an
asymmetric V-shaped model, structural stability may still need to be
considered even when only planar AM operations are performed.

4.3.3 Timestamp and Loss Formulation. Structural distortion must
be controlled throughout the entire HM process. To evaluate the
displacement distribution at different stages of fabrication, we sam-
ple a set of effective timestamps and store them in two sets, Yam
and Ygy;, for AM and SM operations, respectively. These timestamp
samples are obtained as follows:

e Randomly sample 2n points {x;} from the computational
domain Dy, with n inside M and n outside M;

e For each point x; with pam(x;) > 0.5, add tap (x;) to Yanm;

e For each point x; with pam(x;) > 0.5 and psm(x;) > 0.5,
add sy (Xl) to Ysm.

For timestamp samples in Yan and Ysyy, different external force vec-
tors are used to compute the corresponding element displacements.

The overall distortion of intermediate structures is then mini-
mized using the following loss:

1
-Estr =37
Y

2 pe (max(0, o] - )’

tr €XaMUYsm ( e

Foreg Y pe(l —pe)),

where Ny denotes the total number of timestamp samples in Yap and
Ysm, and both p, and u, are functions of #;. The first term penalizes
elements whose displacement magnitude exceeds a threshold 7. The
second term is a SIMP-style regularizer, which encourages binary
density values and thereby improves the physical interpretability
and accuracy of the structural evaluation. Note that this loss not
only reduces structural distortion, but also prevents the formation of
‘floating’ regions (see Fig. 10 for an example), thereby ensuring the
connectivity of all intermediate structures. 7 = 0.05 and @z = 0.001
are determined by experiments and employed for all examples. In our
implementation, we set n = 15 to evaluate L, and the timestamps
are re-sampled at each iteration.

(14)
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4.4 Manufacturability

Three loss terms are defined according to manufacturing constraints,
including self-supporting and collision-free. All are formulated by
checking the existence of points inside the relevant Rols (Fig. 2) at
a certain timestamp t. Details are presented below.

4.4.1 Self-Supporting. When material is deposited at a point x,
the corresponding AM operation is considered self-supported if
there exists at least one solid point within the Rol for self-support,
Ist(x). This region is defined in Sec. 3.1. For a query point x, €
Tst(x), its status at timestamp ¢ can be evaluated using the function
s(xg4, t) defined in Eq. (10). For any point x with pan(x) > 0.5, the
corresponding AM operation time is given by tay (x). Therefore, its
self-supporting status can then be evaluated as

max s(Xg, tam (%)), (15)
xg€Tsr (x) (xq )

which returns one if the AM operation is self-supported and zero
otherwise. A differentiable approximation of this maximum evalua-
tion can be obtained using the integral log-sum-exp formulation as
a soft maximum.

Based on this formulation, the self-supporting loss for the HM
process is defined by integrating over the computational domain:

Lot =/D o(pam(x) —0.5) |1 — max )s(xq, tam(x)) | dx, (16)

xq€lsT (X

where the sigmoid term suppresses contributions from points where
no AM operation is performed. Unlike L, that controls the distor-
tion of an already fabricated intermediate structure (i.e., the post-
deposition state), this loss L is used to guide the pre-deposition
decision of where to print.

4.4.2 Collision-Free. The collision-free feasibility of both AM and
SM operations is evaluated using a strategy similar to the self-
supporting status defined in Eq. (15).

For an AM operation performed at point x, whether the operation
is collision-free depends on whether any solid material already
exists within its collision-checking Rol, Tay (x). This status can be
evaluated as

max  s(Xg, tam(x)), (17)
Xg €TAM (X) ( K )

which returns one if a collision occurs and zero otherwise. Accord-
ingly, the AM collision-free loss can be defined as

xXg €lam (x

Low= [ olpan0-05) _max sl tau(0)dx (9)
Dar (x)

where the sigmoid term ensures that only points with sufficiently
high probability of AM operation contribute to the loss.

For an SM operation performed at point x, the pose of the SM
tool is determined by the cutter configuration field Noc(x) — there-
fore also its collision-checking Rol as Tspy(x, Nec(x)). The status of
whether the operation is collision-free can then be evaluated as

csm(x) = max  s(xg, tsm(x)), (19)

xq€Tsm (X, Nee)

which returns zero for collision-free. Using this formula, we define
the SM collision-free loss as

Lesw = /D o (pan(x) — 0.5)0 (psi(x) — 0.5)esn (x)dx,  (20)

where the sigmoid terms help select only high probability points
for SM to contribute to the loss evaluation.

For SM operations, the query point x; may fall within a region
below the build plate. In such cases, we assign s(x4) = 1, treating
the region as occupied, to prevent collisions between the SM tool
and the build plate. This strategy can be further extended to account
for other environmental obstacles for both AM and SM operations.

4.5 Total Loss

Combining all the loss terms discussed above yields the total loss
used to drive the optimization for HM process planning:

Liotal = Lshp + Lr + 1.5Lyo1

+ Ospt Lspt + OcamLeam + ©csmLesm

(21)

Here, the weight 1.5 is chosen experimentally to balance the soft-
objective losses associated with shape conformance, support volume
for fabrication time, and distortion of intermediate structures. For
the manufacturing constraints, the weights wspt, wcam and wesy are
dynamically adjusted during optimization to ensure the manufac-
turability of the resulting sequence of AM / SM operations. Details
are provided in Sec. 5.5.

5 Implementation Details
5.1 Network Architecture

We define the neural networks Ny an, No,sm, Niam, Nism, and Nec
based on the Instant-NGP framework [Miiller et al. 2022]. Instant-
NGP is adopted for its high computational efficiency and strong
representational capacity, particularly for capturing high-frequency
details and quantities with significant spatial variation. Specifically,
each neural field consists of a multi-resolution hash-grid encoder
followed by a lightweight MLP decoder. For all fields, the hash-grid
encoder uses 16 resolution levels, with 2 feature channels per level.

e The two manufacturing sequence fields, N; am and Ny sum,
use a hash table size of 21°, with a base resolution of 16 and
a maximum resolution of 512.

e The two operation occupancy fields, N apm and Njgy, use
a hash table size of 2'°, with a base resolution of 16 and a
maximum resolution of 2048.

o The cutter configuration field, Ncc, uses a hash table size of
2%, with resolutions ranging from 16 to 4096.

The 32-dimensional feature vector output by each hash-grid encoder
is then fed into the corresponding MLP decoder. All five MLPs
share the same architecture, consisting of two hidden layers with
64 neurons each and ReLU activation functions. To ensure that the
outputs of Ny am and N, sy remain within the physically valid range
[0, 1], we apply a sigmoid activation function at the final layer of
these two networks. Moreover, the SDF of each input model M is
represented by a SIREN-based network Ny consisting of five layers
with 256 neurons per layer (ref. [Sitzmann et al. 2020]).

5.2 Network Initialization

A good initialization is crucial for achieving high-quality optimiza-
tion results and fast convergence. In this work, we initialize the
networks using the output of a voxel-based method with a grid res-
olution of 100 voxels along its longest dimension, which preserves
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the scalability of our framework. Specifically, we first employ the
method from [Chen et al. 2025a] to generate additive and subtractive
sequences for all voxels. These sequences are then normalized to the
temporal domain [0, 1], and the corresponding AM and SM times-
tamps are assigned to the spatial coordinates of each voxel center.
The neural networks are then initialized sequentially as follows:

(1) AM Sequence Network: We train N; am using the AM
timestamps at voxel centers as ground-truth values, opti-
mized with a mean squared error (MSE) loss.

(2) SM Offset Network: Based on the pre-trained NV; am, we
train N sm using the SM timestamps as supervision to sat-
isfy Eq. (2), also optimized with an MSE loss.

(3) Occupancy Networks: The two operation occupancy net-
works, N am and Mgy, are trained at the voxel centers
according to the type of AM/SM operations obtained from
the voxel-based solution.

(4) Cutter Configuration Network: The voxel-based method
provides a tool-axis direction for each SM operation. These
directions are used as supervised samples to determine the
corresponding vy and vy, and are then used to train the
cutter configuration network Ncc.

The SDF network Ny is trained using points randomly sampled in
the computational domain Dj,, with signed distance values evalu-
ated by the PQP library [Larsen et al. 1999].

5.3 Optional Pre-Processing: Support Generation

To accelerate optimization convergence and improve workpiece sta-
bility during manufacturing, we introduce an optional pre-processing
step that generates supports removable by the final SM operations.
In this step, auxiliary support structures are generated for the in-
put model M using a rapidly exploring random tree (RRT)-based
method [LaValle 1998]. Specifically, points are sampled from sur-
face regions of M with large overhangs, and support branches are
grown downward from these points subject to a prescribed self-
supporting angle. These branches are then connected into skeletons,
from which convolution surfaces are generated to form the solid
support structures, as visualized in purple in Figs. 3 and 7(a). In addi-
tion, the generated supports, represented by the sampled skeletons,
are required to remain accessible to SM operations after manufac-
turing is completed, ensuring that they can be removed in the final
stage. These supports are combined with the target solid to compute
the SDF used as the input model for our optimization pipeline.

5.4 Post-Processing: Layers and Toolpaths

To generate the final sequence for hybrid manufacturing, we first
adaptively extract the AM and SM layers according to the prescribed
printing layer thickness day and cutting depth dgsys. Specifically, the
optimized NNs provide the manufacturing sequence fields fapn(x)
and tsy(x), together with the operation occupancy fields pam(x)
and pspm(x). Given a timestamp ¢;, an AM isosurface SIAM can be
defined as the set of points satisfying tap(x) = #;. Similarly, an
SM isosurface S;’M is obtained from the set of points satisfying
tsm(x) = t;. These isosurfaces are used as layers for generating AM
and SM toolpaths.

The AM and SM layers are extracted through the following steps:

(1) Starting from fy = €, we adaptively determine t;,; such that
the distance between SIAM and Sﬁl\f lies within the range of
dAM + 0-1dAM-

(2) Starting from t, = 2.0¢, we adaptively determine ¢;,, such
that the distance between SJS.M and SJSJI:/[I lies within the range
of dSM + OAIdSM.

(3) Each isosurface, either AM or SM, is represented as a tri-
angular mesh extracted using the Marching Cubes algo-
rithm [Lorensen and Cline 1987]. The extracted mesh is
then trimmed by the corresponding implicit occupancy con-
dition, i.e., pam(x) > 0.5 for AM layers, and pam(x) > 0.5
and psp (x) > 0.5 for SM layers.

After these steps, all AM and SM layers are jointly sorted according
to their timestamps to determine the execution order of operations.
In our implementation, € = 0.001 is chosen experimentally.

Finally, toolpaths are generated layer by layer. For ease of im-
plementation, we employ zig-zag toolpaths to fill each layer. More
sophisticated filling schemes, such as Fermat spirals [Zhao et al.
2016] or medial-axis-based filling [Hornus et al. 2020; Kuipers et al.
2020], can also be adopted. Waypoints are uniformly sampled along
the toolpaths, and each SM waypoint is assigned an initial pose
determined by the cutter configuration field Ngc. The SM tool pose
is further adjusted during inverse kinematics solving to ensure
collision-free execution and improve kinematic optimality, follow-
ing the method of [Chen et al. 2025b].

5.5 Weight Tuning via Bayesian Optimization

To effectively optimize the HM process, appropriate values must
be selected for the weights wgpt, wcam, and wesp, which balance
the contributions of the constraint-related terms in the total loss
defined in Eq. (21). These weights correspond to the self-supporting
loss Lgpt, the AM collision-free loss Lcam, and the SM collision-free
loss Lsm, respectively. Since these terms are intended to enforce
manufacturability requirements as hard constraints, the optimal
weight values are model-dependent. Therefore, in our implementa-
tion, Bayesian optimization (BO) is employed to determine suitable
weights for each model by minimizing an objective that encourages
all three constraint-related losses to approach zero.

Specifically, we use Optuna’s multivariate tree-structured Parzen
estimator (TPE) sampler [Akiba et al. 2019; Bergstra et al. 2011] to
optimize the weights assigned to the different loss terms, with the
outer optimization limited to 20 trials. In each trial, the loss weights
are fixed and passed to the inner learning loop, in which the neural
fields are optimized using the total loss defined in Eq. (21). After the
inner optimization is completed, the outer BO loop evaluates the
resulting solution and updates the loss weights for the next trial.

5.6 Differentiability and Gradients

Among all the loss terms defined in Eq. (21), the sensitivity d Ls./dp

is less straightforward to compute while all other loss terms are

directly formulated w.r.t. the five NNs therefore differentiable.
Take the derivative of Eq. (13) with respect to p, we can get

d_u_ -1 d_f_d_K (22)
dp ~ dp dpu.
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Table 1. Computational statistics of our approach and comparison with the results obtained by the voxel-based method

Computational Domain Pre-proc. | Computing | Post-proc. l Support Ratio' [ # Jumps [ Fab. Time* (sec.)
Model Fig. | Genus Dimension (unit: mm) | Time (sec.) | Time (sec.) | Time (sec.) || Ours [ Voxel [ Ours | Voxel" | Ours | Voxel”
GE-Bracket 1 20 150.00 X 90.93 X 52.59 769.90 9,282.20 2,833.90 28.39% 43.02% | 4,934 53,958 | 44,351.93 | 139,770.48
MBB Beam 3 17 100.00 x 21.77 X 21.77 5.49 9,408.57 643.56 41.23% 35.56% | 1,169 3,533 9,660.46 10,466.06
Femur 4 98 85.86 X 43.01 X 100.00 368.15 15,923.60 1,131.89 13.16% 42.53% | 6,683 61,934 | 65,852.14 | 165,814.95
Cantilever Bracket 5 6 100.00 x 32.30 X 40.00 51.26 12,476.60 505.96 5.70% 11.46% | 2,773 12,660 | 14,617.38 41,673.57
Spiral Ellipsoid 6 0 100.00 x 21.77 X 21.77 2,543.80 43,737.40 2,292.18 36.17% | 131.98% | 6,049 | 174,994 | 29,416.53 | 412,904.29
Fertility 7 4 100.00 X 38.19 X 74.48 268.77 14,166.20 1,060.06 17.51% 17.80% | 3,678 24,564 | 20,094.98 76,145.38

* For the results generated by the voxel-based method [Chen et al. 2025a], the voxel width as 1 mm is employed for all examples.
 The support ratio reports the volume of additional support structures as a percentage of the target model volume.
¥ The fabrication time is estimated through simulation with 2.0 sec. assigned for each jump and 10.0 sec. for each AM / SM switch.

According to Eq. (14), the derivative of L (p, u(p)) with respect
to pis
d Sir Sir Sir
Lt :3£t+3£td_u. (23)
dp ap du dp

Substituting Eq. (22) into Eq. (23), we get
d-Lstr — a—[:str + a-Cstr K_l a_f _ ﬁu i
dp ap Ju op op
where the term (9 Lg,/du)K™! can be obtained by solving a linear
system

(24)

T
a Str
K'A= (ﬁ) (25)
oJu
without explicitly computing K™!. The solution gives
AT = (aLyw/ow)K . (26)

5.7 Sampling Density and FEA Resolution

The spatial integrals in our loss functions are evaluated using Monte
Carlo integration. At each optimization iteration, points are stochas-
tically sampled within the computational domain Dy. To ensure
consistency across different examples, the total number of sample
points is determined according to a fixed sampling density (e.g.,
on average 1.25 points / mm?). After each optimization iteration,
the sample points are regenerated using the same density, which
improves the likelihood of capturing small geometric features for
sampling-based loss evaluation. For the Rols used in support and
collision evaluation, we randomly sample k points within each Rol,
where k = 10 is chosen empirically in our implementation.

In our FEA implementation, the domain Dy is discretized using
a uniform Cartesian grid of voxel elements. The element size is se-
lected such that the longest dimension of the domain is represented
by 64 elements, providing a balance between analysis accuracy and
computational cost. This resolution is used for all examples.

6 Results and Discussion
6.1 Computational Experiment

Our computational pipeline is implemented in Python. We use Py-
Torch with the AdamW optimizer for neural network training. All
computational experiments are performed on a desktop PC running
Ubuntu 24.04 LTS, equipped with an AMD EPYC 9655P CPU with
96 cores, 256 GB RAM, and an NVIDIA RTX 5090 GPU with 32 GB
VRAM. All examples are computed using an SM tool with a diame-
ter of 2mm and a length of 10mm, with the spindle diameter set to
100mm. For AM, the printer head is approximated by an envelope

cone with a semi-vertex angle of 45° and a height of 50mm. Our
approach has been tested on a variety of examples and compared
with other methods. The corresponding computational statistics are
reported in Table 1.

6.1.1 Examples and Comparisons. The first example is the GE-
Bracket model obtained from topology optimization [Sigmund 2001],
as shown in Fig. 1. As illustrated by the zoomed-in views in Fig. 1,
our method better preserves small geometric features. In addition,
the toolpaths generated by our method are significantly smoother
than those produced by the prior voxel-based method [Chen et al.
2025a]. This improvement can be qualitatively evaluated through
frequency analysis of the tool velocity during manufacturing, for
both AM and SM operations, as shown by the spectrum in the
bottom-right corner of Fig. 1. We also count the number of ‘jumps’
and summarize the results in Table 1; the number is reduced from
53.9k to 4.9k. Moreover, an important factor affecting manufactur-
ing efficiency in HM is the volume of additional support structures
required to fabricate the target shape. For the GE-Bracket model,
the percentage of support volume w.r.t. the target model’s volume
is reduced from 43.02% to 28.39%. Compared with the voxel-based
result, our method achieves a 68% reduction in estimated fabrication
time, from 38.8 hours to 12.3 hours. This improvement benefits from
the significant reductions in both the volume of additional support
structures and the number of ‘jumps’.

The second example is the MBB Beam generated by topology
optimization, as shown in Fig. 3. Unlike TO approaches that impose
self-supporting constraints, e.g., [Langelaar 2016], unconstrained
TO can explore a larger design space [Sigmund 2001], potentially
yielding designs with better mechanical performance. This improve-
ment will be further validated through physical experiments pre-
sented in Sec. 6.2. The corresponding computational statistics are
reported in Table 1. This example is particularly interesting because
the support-volume ratio generated by our method as 41.23% is
slightly higher than that produced by the voxel-based method as
35.56%. Our tests indicate that this is mainly because our method is
distortion-aware and therefore generates more additional support
structures to improve structural strength during fabrication. An
ablation study of the structural distortion loss Ly, is presented in
the next subsection and in Fig. 11. Without the structural distortion
loss, the resulting process generates supports with a volume of only
35.44% of the target model.

The third example is a femur model with high genus, whose
complex geometry poses significant challenges for either SM-only
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Fig. 4. Fabrication of a femur model with complex geometry (i.e., genus 98).
(a) Using only SM operations cannot form the internal porous structures. (b)
When using only AM operations, the internal support structures cannot be
removed after fabrication. The results of (a) and (b) are both generated by
Autodesk Fusion. (c) The exact target model that can be fabricated from the
interlaced AM and SM operations generated by our approach with the AM
and SM layers shown on the right. (d) The convergence curves of different
loss terms.

or AM-only fabrication. As shown in Fig. 4, the internal porous
structures are difficult to fabricate using purely SM operations, while
the additional supports required for pure AM fabrication are difficult
to remove afterward. In contrast, the HM process generated by
our approach can accurately fabricate the input model through
interlaced AM and SM operations. The process plan generated by
our method completes this model through 263 switches between
AM and SM operations. The convergence curves of the different
loss terms are also reported in Fig. 4(d). All loss terms converge
well except for the structural distortion loss Ly, which exhibits
oscillations but remains at a very small value because the model
itself has relatively high stiffness.

The fourth example is a Cantilever Bracket, which is also ob-
tained through topology optimization. The manufacturing process
and the corresponding AM layers and SM sequences are shown in
Fig. 5. For all examples presented in this paper, the removable sup-
ports added during the pre-processing step are displayed in purple.
They will be removed by SM operations after the target shape is
produced. The temporary supports generated by our optimization
approach are displayed in green. The convergence curves of the
different loss terms are also shown at the bottom of Fig. 5. Compared
with the voxel-based method, our approach generates optimized
sequences with substantially smaller volumes of additional support
in the Femur and the Cantilever Bracket examples, as indicated
by the support-ratio statistics reported in Table 1. As a result, the
manufacturing time is reduced by 60.3% and 64.9%, respectively.

AM Layers

SM Sequences
0.2 ‘ 0.6 ‘ 05 ‘
Lshp Lstr Lyol
0.0 02 02
0.1 20 2.0
L Lept k Leam l Lesm
0.0 0.0 0.0
0 2500 5000 0 2500 5000 0 2500 5000
Tteration Iteration Iteration

Fig. 5. Results for the Cantilever Bracket example, including the generated
manufacturing process and the corresponding loss curves. The target model
can be accurately fabricated, and the optimization shows stable convergence.

Error (mm)

Fig. 6. Results for the Spiral Ellipsoid example using (a) the voxel-based
method [Chen et al. 2025a] and (b) our field-optimization-based approach.
The color maps show the corresponding shape approximation errors, while
the bottom-right images visualize the resulting SM sequences applied to
the temporary support structures.

Although the capability of our method to preserve fine geometric
details has been illustrated in the zoomed-in views of Fig. 1, we fur-
ther consider a more challenging example containing thin plate-like
features throughout the model, namely the Spiral Ellipsoid shown
in Fig. 6. Due to the geometric complexity of this model, voxel-based
approaches such as [Chen et al. 2025a] tend to introduce significant
staircase artifacts. Furthermore, because the features are extremely
thin, many voxels are connected only through weak and unstable
edge contacts, as shown in the zoomed-in view. The geometric ap-
proximation errors of both representations are visualized using color
maps, from which it is clear that the voxel-based representation
suffers from much larger aliasing errors. In addition, owing to the
optimization-based nature of our method, the resulting HM process
requires significantly less temporary support. In particular, the sup-
port ratio is reduced from 131.98% for the voxel-based method to
36.17% for our method. The corresponding SM sequences to remove
support volumes are also illustrated at the bottom of Fig. 6.

The sixth example tested in our experiments is the Fertility model,
as shown in Fig. 7. In this example, we compare our method with the
recently published Waste-to-Value approach [Zhong et al. 2025b],
although its original purpose is not HM process planning from
scratch. To apply their method, we use the bounding box and the
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(b)

SM Sequences

Fig. 7. Comparison of results on the Fertility model generated by (a) our
method and (b) the Waste-to-Value approach [Zhong et al. 2025b]. In (a),
supports added during the steps of optimization and pre-processing are
shown in green and purple respectively. In (b), the gray region denotes
the material retained after SM from the input bounding-box stock, while
the orange region indicates the regions to be 3D printed; Large overhangs
appear in the printed regions, as highlighted by the red dashed circles.
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Fig. 8. Comparison of topology optimization results for (a) the MBB Beam
example and (b) the Cantilever Bracket example. For each example, results
with (w/) and without (w/0) the self-support constraint are computed under
the same target volume fraction: 10% for the MBB Beam and 35% for the
Cantilever Bracket. The strain energy distributions are visualized as color
maps.

target Fertility model as the required input models for Waste-to-
Value. The resultant process is shown in Fig. 7(b). The Waste-to-
Value approach may still require additional support structures to
complete the fabrication of the orange region, as highlighted by the
red dash circles, which are not automatically generated and may be
difficult to remove. In contrast, our method automatically generates
a complete HM process plan for fabricating the target model.

To demonstrate the advantage of HM over AM-only fabrication,
we conduct self-support-constrained topology optimization [Lange-
laar 2016] on the MBB Beam and Cantilever Bracket examples. For
each example, results with and without self-support constraint are
obtained in topology optimization subject to the same target volume
fraction, and therefore have the same weights. The results are shown
in Fig. 8. As indicated by the strain energy distributions, removing
the self-support constraint substantially reduces the regions with
high strain energy. Quantitatively, the total strain energy is reduced
from 14.25 to 10.68 for the MBB Beam, and from 52.96 to 36.30
for the Cantilever Bracket (unit: 1073 J). The comparisons will be
further verified by mechanical tests taken on physically fabricated
specimens (Sec. 6.2).

We further evaluate our method on the Coral model used in
VASCO [Zhong et al. 2023]. VASCO decomposes the model into
three support-free, hybrid-fabricable blocks with different printing
directions, with SM used primarily for surface finishing. In contrast,

¥
& f
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(a) (b) AM Layers SM Sequences

Fig. 9. Comparison on the Coral model: VASCO [Zhong et al. 2023] achieves
support-free fabrication by changing the printing direction, whereas our
method requires only 4.74% additional intermediate support material while
remaining compatible with conventional machines with a fixed printing
direction: (a) the input Coral model, and (b) the process generated by our
method, with AM layers and SM operations illustrated.
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Fig. 10. Ablation study of the structural distortion loss L, on the Fertility
model. The distortion at the same fabrication height is compared between (a)
the result optimized with (w/) Lst, and (b) the result optimized without (w/o)
Lstr, where a floating component is formed, as highlighted in the zoomed-in
view of (b). (c) Histogram comparison of the maximum displacements over
all intermediate structures.

our method integrates AM and SM operations to fabricate complex
geometric features. For the same target geometry, our method gen-
erates a complete, self-supporting, and collision-free process plan
while requiring additional intermediate support material amount-
ing to only 4.74% of the target model volume (see Fig. 9). VASCO
requires an AM system capable of accommodating changes in print-
ing direction. Differently, all deposition directions in our process
are vertically upward, making the method compatible with conven-
tional three-axis AM systems. Moreover, VASCO does not account
for the mechanical stability of intermediate structures.

6.1.2  Ablation Study. We first validate the importance of the struc-
tural distortion loss L, through an ablation study. As shown in
Fig. 10, large distortion and even floating components are generated
when Ly, is disabled. The color maps visualize the deformation
displacements at selected timestamps when the model is fabricated
to similar heights. The overall process behavior can be further ob-
served from the histogram of maximum displacements over all
intermediate structures, as shown in Fig. 10(c). A similar histogram
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Fig. 11. Ablation study of the structural distortion loss L, on the MBB
Beam model - see the distortion at the same fabrication height for the
results (a) with vs. (b) without L, where the histogram comparison of the
maximum displacements over all intermediate structures is given in (c).

Fig. 12. Ablation study of the self-supporting loss L, on the MBB Beam
example. The HM sequences generated (a) with Lt and (b) without L
are compared. When the self-supporting loss is disabled, large overhangs
are formed, as highlighted by the arrows in (b).

distribution is observed on another model, the MBB Beam, under
the same ablation setting, as shown in Fig. 11. As discussed earlier,
lower distortion is achieved by generating a more optimal operation-
sequence together with support structures. Therefore, the result
of MBB Beam optimized with L, has the larger support ratio of
41.23%, i.e., a larger volume of supporting structures.

The second ablation study evaluates the self-supporting loss Lgp.
While the structural distortion loss L, reinforces the mechanical
stability of intermediate structures after they have been formed,
the self-supporting loss Ly prevents regions with large overhangs
from being fabricated by AM operations. This study is conducted on
the MBB Beam model, and the results are presented in Fig. 12. It can
be clearly observed that, when L is disabled, layers with large
overhangs are generated in the HM sequence. Such overhangs can
lead to material failure during the deposition process and should
therefore be avoided.

We further evaluate the effectiveness of the shape-conformance
loss L, and the support-volume loss Lo on the Femur model.
When L, is disabled, the residual material outside the target shape
after fabrication increases from 0.70% to 9.71% of the target volume
(see Fig. 13(a)), demonstrating its importance in ensuring shape con-
formance. When L, is disabled, the additional support generated
during fabrication increases substantially from 13.16% to 224.77% of

w/ Lyol @ o

(b)

Fig. 13. Ablation study to demonstrate the effectiveness of the shape-
conformance loss Lgp, and the support-volume loss Ly, on the Femur
model: (a) the residual material, shown in muted red, increases from 0.70%
(with Lypp) to 9.71% (without L) of the target volume, and (b) the addi-
tional support, shown in green, increases from 13.16% (with L,}) to 224.77%
(without L) of the target volume.
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Fig. 14. Convergence curves of different loss terms for the MBB Beam
example with (w/) and without (w/o0) pre-added support, demonstrating
that the computation converges faster with the aid of pre-added support.

the target volume, confirming that this loss is essential for suppress-
ing excessive support generation. Without explicitly constraining
the volume of additional support material, the optimizer tends to
produce overly conservative process sequences that minimize the
self-support and fabrication-distortion objectives. As a result, the
additional support may expand to cover the entire computational
domain (see Fig. 13(b)).

Another study investigates the effectiveness of the supports added
during the pre-processing step. As shown by the curves in Fig. 14 for
the MBB Beam example, the computation converges faster with the
aid of the pre-added support structures. Moreover, a better solution,
with less additional support volume and therefore reduced machin-
ing time, is obtained when the pre-processing step to add supports
is applied. Note that the computational cost of pre-processing is
mainly dominated by the network initialization step described in
Sec. 5.2, whereas support generation is completed within one minute
for all examples tested in this paper.

6.1.3 Scalability. In Fig. 1, the scalability of our method in terms
of computational time is demonstrated on the GE-Bracket model by
increasing the model dimensions and comparing the results with
those of the voxel-based method. Here, we report additional aspects
of this scalability study, including the support ratio, geometric error
(measured by both mean and maximum error), number of jumps,
and manufacturing time. For conducting a fair comparison, all these
experiments were conducted using the same milling cutter with a
diameter of 1mm and a length of 10mm. The results are shown in
Fig. 15. It can be observed that our field-optimization-based method
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Fig. 15. Scalability study — comparison of (a) voxel-based method [Chen
et al. 2025a] and (b) our field-based method for the GE-Bracket model in
different dimensions.
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Fig. 16. Scalability tests by using SM tools with different diameter D while
keeping the tool length as 10mm. The top row shows the geometric errors
on the resultant model fabricated by different tool diameters.

outperforms the voxel-based method in all aspects, and the per-
formance gaps in operation continuity and manufacturing time
become larger as the model dimensions increase. This trend is also
consistent with the computational-time results discussed earlier.
A distinctive advantage of our method over the voxel-based
method is that the tool geometry is no longer constrained by the
voxel resolution. To demonstrate this, we evaluate the Cantilever
Bracket model using milling tools with different diameters, as shown
in Fig. 16. In our experiments, the cutting depth and cutting width
for SM operations are set proportional to the tool diameter, e.g.,
20% of the diameter. The results are obtained by increasing the tool
diameter while keeping the tool length fixed. As the tool diameter
increases, additional support structures are required - i.e., the sup-
port ratio increases because the accessibility of the SM tool to deep

Fig. 17. Physical models fabricated using a desktop HM machine, with the
corresponding fabrication times shown in parentheses: (a) GE-Bracket (16
hours), (b) MBB Beam (5 hours), (c) Femur (23 hours), and (d) Cantilever
Bracket (6 hours).

Error (mm)
mm Voxel-Based

B Field-Based

0.0 1.0 2.0 3.0

Voxel-Based (b) Error (mm)

(a)  Field-Based

Fig. 18. Comparison of the surface quality of models fabricated using our
field-based method and the voxel-based method [Chen et al. 2025a]: (a)
color maps of geometric errors computed from scanned point clouds and
(b) histograms showing the corresponding error distributions.

cavities becomes more limited. However, since the cutting depth
and cutting width also increase with the tool diameter, larger SM
tools reduce the total toolpath length and thus the machining time.
This improvement in efficiency comes at the cost of reduced geo-
metric accuracy. Overall, this capability provides users with greater
flexibility in balancing manufacturing efficiency and part accuracy.

6.2 Physical Experiment

6.2.1 Hardware and Fabrication. We validate the HM sequences
generated by our field-based optimization pipeline using a hybrid
machine modified from a 5-axis CNC machine (Type: 5AxisMaker
5XM600XL). The hardware follows the setup proposed in [Chen et al.
2025a], but with minor variations. Specifically, all AM operations
are performed using a filament-based extruder equipped with a 0.8
mm diameter nozzle, operating at an extrusion rate of 800 mm/min.
For SM operations, a ball-end mill with a 2.0 mm diameter cutter
and a 10.0 mm tool length is used. The cutting parameters are set to
a spindle speed of 7,000 RPM and a feed rate of 650 mm/min.

We physically fabricate several examples using our hybrid ma-
chine. For AM operations, we use PLA filament reinforced with
chopped carbon fibers due to its improved high-temperature resis-
tance and machinability. As shown in Fig. 17, models with complex
geometry can be successfully fabricated by following the HM se-
quences generated by our approach. The actual physical fabrication
time for each model is affected by many non-computational factors.

Although surface quality is not directly optimized in our objec-
tive, we quantitatively evaluate the surface quality of the fabricated
models using 3D scanning. Specifically, we compare the GE-bracket
model fabricated using the HM process plan generated by [Chen
etal. 2025a] and the model fabricated using our method. The scanned
geometries are compared against the target CAD model with the
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Fig. 19. Force-displacement curves obtained from mechanical tests of (a)
the MBB Beam and (b) the Cantilever Bracket for structures generated by
TO with (w/) and without (w/0) self-support constraints. The weights of all
specimens are also reported.
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Fig. 20. Comparison of results for the GE-Bracket example with (w/) and
without (w/0) the voxel-based initial guess; in the latter case, the height-
based sequence is used to initialize the network. The self-supporting loss
Lspt does not converge well under this simple height-based initialization.

color maps of geometric errors shown in Fig. 18(a). The quanti-
tative results demonstrate the advantage of our method. For the
GE-bracket model with dimensions 150.00 X 90.93 X 52.59 mm?, the
surface area with errors greater than 1 mm decreases from 6.59%
(for the voxel-based method [Chen et al. 2025a]) to 1.22% (for our
field-based method). The surface area with errors greater than 2 mm
decreases from 0.44% (for the voxel-based method) to 0.12% (for
our method). A histogram comparison of geometric errors has been
given in Fig. 18(b).

6.2.2  Mechanical Tests. We physically fabricate the MBB Beam and
Cantilever Bracket results presented in Fig. 8 and compare their
mechanical stiffness through experimental testing. For the designs
generated by TO with the self-support constraint, the specimens are
fabricated using AM-only operations with planar layers. Three-point
bending tests are performed for the MBB Beam example, while com-
pression tests are performed for the Cantilever Bracket examples.
The mechanical tests are limited to a displacement range of 0-1mm,
which better matches the loading conditions used in TO. The resul-
tant force—displacement curves are shown in Fig. 19, demonstrating
the significant stiffness advantage of the models computed by TO
without self-support constraints, which can only be fabricated us-
ing HM: stiffness was 36.84% higher for the MBB Beam and 26.09%
higher for the Cantilever Bracket.

6.3 Limitations

The field-based optimization approach introduced in this paper
performs well on a variety of examples, as demonstrated above.

Table 2. Effectiveness of initialization in different voxel resolutions.

Init. Res. | Time' [[ Loy | Lar | Lvot | Lopt | Leam | Lesm

50 X 29 X 17 0.43 0.0199 | 0.087 0.48 0.0037 | 0.0005 | 0.0028
100 X 59 X 35 25.45 0.0196 | 0.038 0.38 0.0035 | 0.0005 | 0.0037
150 X 89 X 53 | 367.98 0.0192 | 0.016 0.31 0.0030 | 0.0004 | 0.0034

TComputing time (sec.) to obtain the initialization by the voxel-based method [Chen
et al. 2025a], where the experiments are taken on the GE-bracket model (Fig. 1).

However, like many numerical optimization approaches, its conver-
gence rate depends strongly on a good initial guess. In this work, the
voxel-based method presented in [Chen et al. 2025a] is employed to
provide an initial guess for the HM processing plan. As shown in
Fig. 20, replacing the meaningful voxel-based initialization with a
simple height-based initialization leads to noticeably poorer conver-
gence, especially for the self-supporting loss L, demonstrating
the importance of an appropriate initialization.

Although initialization quality affects the optimization, it only
needs to provide the overall trend of the material processing flow;
therefore, a high-resolution voxel initialization is not required. Our
experiments on the GE-bracket model (Fig. 1) with multiple voxel
resolutions show that the subsequent optimization is relatively in-
sensitive to the voxel resolution in initializations — see statistics
reported in Table 2. The generation time of the initial solution in-
creased dramatically with resolution. However, from the resulting
loss values, we observe that the three strictly constrained losses,
Lopt, Leam, and Lesyy, all remain at very low levels. Increasing the
resolution slightly reduces Ly, Lgtr, and Lyol, but the improve-
ments are not significant. Nevertheless, a very low resolution may
fail to capture case-specific topological issues. As a trade-off, we
use a resolution of 100 in all examples.

The second limitation of our approach is that the current for-
mulation allows only one switch between AM and SM operations
at each position. Although prior research [Chen et al. 2025a] has
theoretically proven that this is sufficient to fabricate any shape, it
is not necessarily optimal. In fact, we suspect that better solutions,
such as those with lower distortion or reduced additional support
volume, may exist if multiple switches between AM and SM oper-
ations are allowed at the same position. Moreover, such flexibility
could enable the incorporation of additional optimization objectives,
such as optimizing the orientation of fibre-reinforced filaments to
improve mechanical strength [Liu et al. 2025]. We will consider this
in our future work.

The last limitation is that, in our current implementation, the
cutter configuration field is formulated to support a ball-end mill.
However, this formulation can be readily extended to other types of
milling cutters. This extension is relatively straightforward and will
be considered in future work.

7 Conclusion

To address the limitations of existing HM process planning methods,
including incomplete fabrication, poor scalability, lack of optimiza-
tion, uncontrolled distortion, and highly discontinuous manufac-
turing sequences, we present a field-optimization based method
for determining a feasible and efficient sequence of AM/SM oper-
ations to fabricate a target shape. Our method represents manu-
facturing states using continuous fields, which scale naturally to
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models with large dimensions and fine geometric features while
enabling smoother manufacturing sequences. The field optimization
problem is parameterized by five implicit neural networks, whose
coeflicients serve as the optimization variables. Loss functions are
defined according to multiple objectives, including shape complete-
ness, fabrication time (via the volume of extra support), distortion of
intermediate structures, and manufacturability constraints (includ-
ing self-supporting requirements and collision avoidance for both
AM and SM operations). By optimizing these fields, our method
determines the AM layers and SM sequences for HM process plan-
ning. Significant performance improvements over prior work are
demonstrated on a variety of examples through both computational
and physical experiments.
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